Modeling the exponentially varying current distributions in conductor intaiors associated with high frequency interconnect behavior causes a rapid increase in the computation time and memory requid even by recently developed fast elecmmagnetic analysis programs. In this paper we describe a procedure to generate numerically a set of basis functions which efficiently represent conductor current wuiation, and thus improving solver efficiency. The method is based on solving a sequence of template problems. and is w i l y generalized to arbitrary conductor cross-sections. Results are psented to demonsme that the numerically computed basis functions are seven to twenty times more efficient than the commonly used piece-wise constant basis functions.
INTRODUCTION
Tbe new generation of fast electmmagnetic analysis programs, based on accelerated integral equation methods, has leducedfmm days to minutes the time required to analyze thousands of simultaneously intensting conductors [l, 2,3,4,5]. As gwd as these fast solvers are, they are either inappropriate for, mare very inefficient at, analyzing interconnect exhibiting high bequency effects. With processor clock speeds now exceeding two gigahertz and harmonics exceeding twenty gigahertz, it is no longer possible to ignore these high frequency effects.
The high frequency effects that are most troublesome for fast solvers are skin and proximity effects. Nevertheless such phenomena can significantly affect interconnect performance and should not be neglected, in particular when either win width or thichess are equal to, or larger than two "skindepths." As cloek frequencies rise, skin effects have become more significant in printed circuit
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Pamission to make digital or hard capied of all or part of this wak for personal or clansmom use is p t e d without fee povided that copies pn nct made a disbibuted for profit or wmmercial advantage and that copies b=ar this n d e e and the full citation on the first page. To copy otherwise. to republisb,to~~tonsaversatorrdiWibutetotisfs,requinspia.s~c boards (PCB) and IC packages. and such effects are even becoming important for onchip interconnect. When one considers that the skin depth in aluminum dmps below a micron at approximately ten gigahertz, it is not surprising that skin effects are seen in IC's with multi-gigaherk clocks. Skin and proximity effects are troublesome for present fast solver because they generate an exponentially varying current dishibution inside each conductor. Trying to represent that current variation using the piece-wise constant [a. 71 or piece-wise linear basis functions commonly available in fast solvers [2] requires a large number of unhowns. Since the computation time for fast solvers is supposed to increase only linearly with the total number of basis functions used in the problem, it may seem that the inin unknowns to represent current variation is not that problematic. However, when many basis functions are used to @resent the current variation in a cross-section of a conductor, those basis functions densely interact in a way that can not be reduced by t& algorithms used in most fast solvers. For this reason, the computation time for modeling high fRsuency effects increases with tlie sqoare of the number of unknowns required to model the current variation within conductors even for fast solvers.
The rapid increase in fast solver computation time associated with modeling high frequency effects has focused research efforts on finding methods to either avoid representing currents in wnductor interiors [S, 9, 10, 11, 12, 131, or to generate specialized basis functions which more'easily capture theexponential variation of the conductor current [14. IS]. In this paper we demonstmte that it is possible to generate numerically a set of basis functions which aciently represent conductor c m u t variation. Om method is based on solving a sequence of simple "template" problems for the typical geomeMes associated with a given interconnect technology. These template problem solutions are then used as replacement for the piece-wise constant basis functions in an integral equation method based on the Galerkin dismtization [16] of the Mixed-Potential Integral Equation (MPIE) [6, 17, 141. As ow results will demonstrate. the numerically computed basis functions require 7 to 20 times fewer unknowns than piece-wise constant basis functions. It should be noted that similar &mfonnance was achieved by generating basis functions using 2-D conduction modes [14,15], but unlike the conduction mode approach, the template approach is easily extended to general shape cmss-sections (e.g. trapezoidal).
In the next section, we summarize the integral equation method based on the Galerkin discretization of the Mixed-Potential Integral w o n (MPIE). In Section 3 we describe the steps for the p m computation of o w template basis functions. In Section 4 we show how to use the templates in the Galerkin integral equation method underlining some numerical implementation issues. Finally in Section 5 we present several example m l t s on typical IC, package 0-7803-7607-2/02/$17.00 ( 
where V and S are the union of the conductor volumes and sorfaces, Q is the scalar potential on the conductor surface% p is the magnetic permeability, E is the dielectric mnstant in free space, a is the mnductors' conductivity, o is the angular fquency of the mnductor excitation and c is the speed of light.
Discretization and Galerkin procedure
In order to solve (1)-(4) numerically, it is common to inhoduce an approrimate representation of the volume currents and surface charges as a weighted sum of a finite set of basis functions w j E @ and vm EC' as in The interion of each conductor section is then divided into a bundle of parallel thin filaments.
Most fast methods for solving integral equations are based on approximating distant interactions. Such methods can not be used to reduce the cost of mmpnting the interaction between the thin filaments in each condudor section, as these filaments a not distant from each other. The interactions between filaments in a section must be resolved "directly", and it then follows that the cost of using many filaments for each ssction gmws as the square of the number of filaments per section. Therefore, finding a different basis which uses fewer functions to RpTesent current distribution in each conductor section is an important efficiency considemtion, even when using fast solver.
PRE-COMPUTATION OF THE PROXIM-ITY TEMPLATE BASIS FUNCTIONS
In this Section, we describe our procedure to mnstruct a set of template basis functions for the discretization of the mnductor volumes within the mntext of an integral equation elechomagnetic field solver. As in the classical piece-wise constant appmach [6, 7, 21 described in Section 2.3, or as in the conduction modes approach [14, 151, we assume that the cumnt flows only along the length of the conductors, and that long wnducton are subdivided into sections short compared to the smallest wavelength of interest.
We then categorize and label each conductor section according to its muss-section "type". Each ''type'' is uniquely identified by its cross-section dimensions and shape. For instance, for wires with a h'apezoidal cross-section: width, thichesp and etching slope could be used as identifying parameters.
Often when performing an electromagnetic analysis, one is interested in the c m n t (or fields) distribution at a particular excitation frequency. or in the impedance at some terminals for several excitation frequencies. For eachfrequency of inlerest and for each w i n cmss-section "type". we p m m p u t e off-line a set of pmximity template basis functions. Each basis function is constmcted by solving a small simulation experiment:
. . . . 1. Given a cross-section type, for the construction of the first template basis function we consider one wire not interacting with any other wire, and excited with a unity current s o m e at the 6equency of interest. For the solution of this simple problem we use a very fine piece-wise constant thin basis function the current density profile daived on the entire cmss-section by this analysis. We show on the left of Fig. 1 to its right the resulting cross-section current density that we use as 6rst basis function. In Fig. 1 In some cases, one only needs to use a total of three proximity templates for each cross-section type: a "skin effect template" constructed as in Fig. 1 , and two "side pmNmity templates", one for the right side as in Fig. 2 and one for the left side (typically s pmehie to the one in Fig. 2 ). This choice is typically aplnopriate for wires on most Printed Circuit Board (PCB) auolications, where the 2. Other basis fnnunctions are then conseuCted to c a p e pmximity e&t phenomena In order to capture pmximity effect phenomena due to wires on the side, we construct a second template basis function by solving a second simple experiment. In this second experiment we consider two wires not interacting with any other wire. The cross-section of the ''main" wire is chosen equal to the cross-section shape and dimensions for the "type" under consideration. A second auxilimy wire is located on one of the two sides of the main wire. as close to the "main" wire as the technology fabrication process would allow. The auxiliary wire is chosen with the minimum width and thickness allowed by the technology fabrication process. Fig. 2 shows on the left the cross-section configuration of the hvo wires. For the analysis of this problem we use a classical and very fine piece-wise constant discretization for both such wires. We short them together on one side, apply a unity c m n t source at the remaining two terminals, and solve for the current density within the wnductors. We finally define as xwnd proximity template basis function the current density profile observed on the main wire. On the right in Fig. 2 we show the cross-sectional CUTrent density of the second basis function.
-_ q m a t i o n between diffnent layers is partifolarly large, and pmximity effects are only observed in correspondence of "side by side" wires, and nor in correspondence of wires on different layets.
When separation between metalization layers is small as in packages and in integrated circuits, one needs to be able to acabunt for proximity effects due not only to wires "side by side" but also due to wires on upper and lower layers. In this case, for thin wires we use a total of nine templates: a "skin effect template", four p x i mity templates consbucted using an auxiliary wire moved to ,rch of the four sides of the main wire, and four proximity templates with the auxilimy wire moved to each of the comers amund the main wire. Fig. 1.2, and 3 Finally, in the case of considerably wide wires, in addition to the nine templates previously described, one needs to use a few more pximity templates to capture appropriately proximity effects due to thin wires in any location above or below such wide wire. In our implementation we p o m p u t e templates using an auxiliary wire that for each template is moved in different locations amund the main wire. We remind the reader that the auxiliary wire width an thickness are chosen as the minimum allowed by the technology process, and that the auxilimy wire is located at the minimum dis-3. We proceed conshllcting additional pmximity template basis above, but fmm the main wire aU&ed by the technology process. For each template we then move the auxiliq wire to locations each functions ushe the nmceb described in am&d the main kire. always & close to the main wire as the technology fabrication m e s s allows. The accuracy of the final solution is related to the ability of the chosen basis functions to "explain" most of the cross-sectional CUIrent density capturing c m n t crowing in different parts of each cross-section due to the spcCific locations of nearby wires. More precisely, in linear algebra terms: when considering the cross-sectional current density as a vector, the accuracy of the final solution is related to the ability of the chosen basis functions to "span" most of the subspace generated by all practical c m n t density vectors. In general the accuracy of the final solution can be arbitrarily improved if the set of all basis functions that one can choose fmm is su65ciently reach to span the entire subspace of all practical solutions. In our case, in theory the basis function set is quite reach 2 and Fig. 5 ) that are not captured by the '%on-duction mode" approach.
Among the disadvantages of our template basis functions, we remind the reader that: a complete set of template basis functions need to be precomputed for each wire cmss-section "type" (i.e. shape and dimensions). Fortunately, one can further observe that often the actual number of wire cross-section types on a typical PCB, package or IC is quite limited. For instance the etching slope can be assumed constant for all cross-sections for a given process. The variability of the wire thichess is limited to the number of metalization layers in the design. Also the variability of the wire width parameter in practical designs is often limited to a finite and small set of admissible values by design rules or CAD tmls. It is also worth noticing that once the template basis functions m computed they can be stored in a file and mused for subsequent designs based on the same pmmss technology.
Another disadvantage of our proximity templates compared to the conduction modes is that a complete set of template basis functions need to be precomputed for eachfnqueq of interest. l ) + d l y one is not interested in a large nmnbu of frequencies. For instance in digital intermnnect one is typically only inte~sted in the clock frequency and its first 10 to 15 harmonics. Once again, one can further notice that once the template functions are calculated for a particular frequency, they can be stored and mused in subsequent designs for analysis at that same frequency. However admittedly a significant advantage of the conduction mode basis functions over our pmxitnity templates is the availability of the conduction modes in analytical form which can be exploited when performing model order redoction.
Representation of basis functions
As just observed in the prwions Section, we represent our basis functions with a piecewise constant values of the current density on each small mss-sectional filament In this way for each basis function we only need to store some information on the discretization scheme fmm which one can easily derive filament geometries (e.g. width of comer filament and incremental ratio between nearby filaments), and a vector with the values of ament density on each filament
One could think of using more efficient representations in terms of some interpolation functions in order to sBve some storage memory and some computation time in the Galerkin integral computations. We expea however to obtain the most advantage by fitting our templates basis functions to interpolation function not only to r e p w n t their shape along the wire cross-section but also and above all to caplure their dependency from frequency. In fact, this :. 
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COLLECTION OF INTERCONNECT
Given a large collection of Wires, for a given frequency of interest. each wire is associated with the set of presomputed proximity template basis functions corresponding to its muss-section type. The basis functions chosen in this way, together with a standad
Galedin procedure [16], are used to discretize the Mixed Potential
Integral Fquation (MPIE) and calculate the overall resistance R and the partial inductance L matrices in eq. (10) and (1 1) as shown in Section 2.2 Accumulation of charge on the surfaEes of the conductors can still be handled for example using the classical piecewise constant discretization of such surface into smaU panels as desnibed in Section 2.3. A mesh analysis tezhnique [17] is then finally used to set up a linear system of equations that can be solved to find the weights w, and v,,, associated with each single basis function.
Rom a numerical implementation prospective one can observe that the pmximity template basis functions as constructed in Section 3 are not orthogonal. The resishce mahix for instance is block diagonal. In general, when the basis functions are almost Iinearly dependent, their associated coefficients representing the final solution may result very large, similar in magnitude, and possibly of oppasite phases partially canceling each others, which may produce e m when using a finite pnxision representation. One can avoid this pmblem and achieve betta numerical stability by do-normalizing the basis functions before using them with for instance a 'Mcdiied Gramm-Schmidt" p e d n r e [19] . Pmotha advantage of orthonormalizing the basis functions is that a completely diagonal resistance matrix is pmduced. which is comrenient for instance when &?donni ng a subsequent model order miuction step that may quire an inversion of such mahix. The oithogonalization procedure is quite fust and most importantly it is paa of the "pmomputation" phase, hence it does not affect the sped and memory performance during the analysis of a very large collection of intamnnect As a final remark, it can be noticed that om pmximity templates basis functions can be used in combination with fast matrix solvers [I, 2.3,4,5].
EXAMPLES
Capturing proximity effect between two wires at arbitrary distance
In this Section, we intend to show with an example that although ow proximity templates are constmcted using an auxiliary wire very close to the main wire, such template basis functions can successfully capture pmximity effects due to wires at a : ? arbitra'y distance. Let us consider for instance a typical F' CB wire 2 5 O p wide, and 3 5 p thick. In this example we used a set of three template basis functions per cross-section. One template was constructed using one wire alone with a U O p x 35pm cross- section. A second template was constructed using one main wire (ass-section: UOpm x 35pm) in the center and one auxiliary wire ( 2 5 0~ x 3 5 p ) on one side at a separation distance of IOOpm. A third template was constructed by moving the auxiliary wire to the other si& at the same separation distance. For the construction of the basis functions, we disuetized each wire into 24x14=344 thin filaments. After the three template basis functions have been wnsbucted, we used them in the integral equation Galerkin procedure described in Section 2.2 to calculate the frequency response of two wires with the same cross-section at different separation distances:
IOOpm, 190pm,305pm, 4 4 8~. and 6 2 9 p . We compare in Fig. 4 the result obtained using om three proximity template basis functions per cross-section with the result obtained using 344 thin filaments basis functions per a s s section. Of c o m e one can expect a negligible m r when the wires' separation is exactly equal to the sepantion used for the consbuction of the basis functions (1OOpm). However, we also observed an equally very small error (worst case 0.7% error for the real part of the impedance, and a 0.01% m r for the imaginary part divided by U) for the case in which the separation between the two wires increased to an arbihary d i s t a n~ and did not coincide anymore with the separation used during the construction of the basis functions.
2 Capturing proximity effect between a thin
wire in an arbitrary location above a wide wire From the previous example we have seen that the proximity templates is an approach at least as efficient as the conduction modes approach [I41 in terms of used number of unknowns. In addition, we show in this example that the proximity templates can successfully capture one particular case not captured by the conduction modes appmach proximity effeds between a thin wire above and c h r IO a very wide wire. Let us consider for instance a package wire 4 0 p wide and lOpm thick. Let us precompute a set of nine proximity effects basis functions for this wire. Fig. I, 2 , and 3 show four of such nine basis functions for the cross-section type described in this example. The auxiliary wire is l o p wide and is moved into several locations all mound the main wire all at a distance of l o p . After the computation of the basis functions, we have setup the experiment on top of Fig. 5 . The small wire is l o p x lOpm, the wider wire right below it is 4 0 p x l o p at a lOpm sepamtion. We can also notice that the small wire is off center by 4pm so that its location docs ~f coincide with one of the locations used for the basis function construction (compare the cross-section in Ftg. 3 with the cross-section of the geometry in Fig. 5) . The two remaining pictures in Fig. 5 compare the a s s sectional current density resulting fmm using our set of nine precomputed pmximity template basis functions (left), with the result (on the right) obtained using a set of 16x9 = 144 thin filaments basis functions. We conclude that the proximity templates provide accmate results not only for wires at an arbitmy distance as shown in Example 5.1, but also for wires located '9n between" the original locations used for the basis functions consbudion.
A package power and ground distribution example
Finally we show here a package power and ground distribution grid Example (Fig. 6) . In addition the proximity templates can be employed in applications with wire cross-sections of arbi(rary shape, and with proximity effects on wide w i m due to above and close thin wires. also included ;he effects of c&e a&umuIation on the d a c e of the conductors using apiece-wise constant discretization into small panels. In Fig. 6 we compare the frequency response of the grid at the node indicated above according to OUT three proximity tern.
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segment of the grid. Oor approach required atotal of &x3=144 unlmowns for the conductor currents, while to get a similar accuracy with the thin filament approach we had to use a total of 48xZIk960 h o w n s . In particular, for our proximity templates approach we observed from the admittance phase vs. frequency curve in Rg. 6 a worst case error of 0.5% in the position of the resonances. We observed from the admittance amplitude vs. frequency curve a worst case 7% error in amplitude at the resonances, where the impedance is mainly determined by skin effects and proximity effects.
CONCLUSIONS
In this paper we have described a procedure to conshuct a set of template basis functions for the discretization of canductor volumes in an integraJ equation method. The template basis functions are precomputed off-line using small simulation experiments. The templates can capture successfully both skin effect and proximity effects. Our examples show that compared to the thin filament methods they provide the same 7 to 20 improvement factors in grid node In this example we used tbree pmdmity template basis funetlons for each wlre crosssectlon.
